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Abstract
This paper is devoted to the classical Waring type problem for several algebraic forms. Its
geometric translation in terms of Grassmann defectivity for projective varieties yields the best
possible solution whenever the number of polynomials is greater than the number of variables. In
particular, together with a classical theorem of Alessandro Terracini, this result gives a complete
answer to Waring’s problem for several ternary forms. c© 2002 Elsevier Science B.V. All rights
reserved.
MSC: 14N05; 14N15; 51N35
1. We work over the complex 9eld C. The Waring type problem we are interested in
can be simply stated as follows:
Waring’s Problem 1. Given positive integers n; d; k; h; may we write any (k+1) ho-
mogeneous polynomials fj(x0; : : : ; xn); j = 0; : : : k; of degree d as linear combinations
of the same (h+ 1) d-th powers of linear forms li(x0; : : : ; xn); i = 0; : : : ; h ?
Despite this problem is a very classical one (see [4, Section 7], and the references
therein), it is not yet completely solved in its full generality. Perhaps the most promis-
ing approach passes via projective geometry (see also [1,3]).
Indeed, let X ⊂ Pr be an integral nondegenerate projective variety of dimension n.
We recall the following standard de9nitions:
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Denition 1. The h-secant variety Sech(X ) of X is the Zariski closure of the set
{p∈Pr : p lies in the span of h + 1-independent points of X } . The expected di-
mension of Sech(X ) is
expdim Sech(X ) = min{(n+ 1)(h+ 1)− 1; r}
and X is h-defective with h-defect h(X ) if
h(X ) = expdim Sech(X )− dim Sech(X )¿ 0:
Denition 2. The (k; h)-Grassmann secant variety Seck;h(X ) of X is the Zariski closure
of the set {l∈G(k; r) : l lies in the span of h + 1-independent points of X }. The
expected dimension of Seck;h(X ) is
expdim Seck;h(X ) = min{(h+ 1)n+ (k + 1)(h− k); (k + 1)(r − k)}
and X is (k; h)-defective with (k; h)-defect k;h(X ) if
k;h(X ) = expdim Seck;h(X )− dim Seck;h(X )¿ 0:
Denition 3. The Veronese variety Vn;d of dimension n and degree d is the image
of Pn in Pr ; r =
(
n+d
n
)
− 1; via the d-uple embedding (see [6; I; Exercise 2.12]).
Equivalently (at least in characteristic zero); Vn;d := {ld : l is a linear form in n + 1
variables}.
Now it is easy to check that Waring’s Problem 1 admits an aLrmative answer if
and only if
Seck;h(Vn;d) =G(k; r):
In particular, we deduce that the following necessary condition has to be satis9ed:
expdim Seck;h(Vn;d) = dimG(k; r);
i.e.
h+ 1 ≥ k + 1
n+ k + 1
(
n+ d
n
)
:
In his beautiful paper [8], going back to 1915, Terracini proved that, under the
hypotheses h + 1 ≥
[
2
(
n+d
n
)]/
(n + 2) and (d; h) =(3; 4), Waring’s Problem 1 has
a positive solution in the case n = 2, k = 1. It is worth noticing that the assumption
(d; h) =(3; 4) cannot be removed, as already pointed out in 1890 by London (see [7]).
We wish to mention also the contribution of Bronowski (see [2]), published in 1933.
The interested reader is referred to [5] for a modern revisitation of these classical
results. In the present paper, instead, we deal with the case k ≥ n. Namely, we are
going to prove the following general result:
Theorem 1. Let X ⊂ Pr be an integral nondegenerate projective variety of dimension
n. If k ≥ n and expdim Seck;h(X )=dimG(k; r); then Seck;h(X )=G(k; r); i.e. X is not
(k; h)-defective.
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The application to Waring’s problem is straightforward:
Corollary 1. Given positive integers k ≥ n; d and h+1 ≥
[
(k + 1)
(
n+d
n
)]/
(n+k+1);
any (k + 1) homogeneous polynomials fj(x0; : : : ; xn); j = 0; : : : k; of degree d may
be written as linear combinations of the same (h + 1) d-th powers of linear forms
li(x0; : : : ; xn); i = 0; : : : ; h.
In particular for n= 2 Waring’s Problem 1 is now completely solved:
Corollary 2. Given positive integers k; d and h+1 ≥ [(k + 1)(d+2)(d+1)]=(k + 3)
with (k; d; h) =(1; 3; 4); any (k + 1) homogeneous polynomials of degree d in three
variables may be written as linear combinations of the same (h + 1) dth powers of
linear forms.
We have to recall a couple of results from [5], which are essentially contained also in
[8].
Proposition 1. Let X ⊂ Pr be an integral nondegenerate projective variety of dimen-
sion n. Let  : Pk × X → P(k+1)(r+1)−1 be the Segre embedding of Pk × X . Then X
is (k; h)-defective with defect k;h(X ) =  if and only if (Pk × X ) is h-defective with
defect h((Pk × X )) = .
Lemma 1. Let X ⊂ Pr be an integral nondegenerate projective variety of dimen-
sion n. Let  : Pk × X → P(k+1)(r+1)−1 be the Segre embedding of Pk × X . Fix
p(0); : : : ; p(h) general points on X and (0); : : : ; (h) general points in Pk ; so that
P( j):= (( j)0 p
( j); : : : ; ( j)k p
( j)) is a general point on (Pk × X ) ⊂ P(k+1)(r+1)−1 for
j = 0 : : : h; 6nally; take a general point P ∈ 〈P(0); : : : ; P(h)〉. Then there is a natural
identi6cation between:
• hyperplanes H ⊂ P(k+1)(r+1)−1 such that TP(Sech((Pk × X ))) ⊂ H ;
• k-dimensional linear systems H of hyperplane sections of X ⊂ Pr with a projec-
tivity ! : H → Pk such that all the elements of the linear system pass through
the points p( j) ∈X and for every j the hyperplane section of the linear system
corresponding to ( j) is tangent to X at p( j).
Now we are ready for the proof of Theorem 1. Assume by contradiction that X is
(k; h)-defective. Proposition 1 implies that (Pk ×X ) ⊂ P(k+1)(r+1)−1 is h-defective, so
in particular
dim Sech((Pk × X )) = (k + 1)(r + 1)− 1− 
with  ≥ 1. Hence, if we take a general point P as in the statement of Lemma
1, then TP(Sech((Pk × X ))) is contained in exactly -independent hyperplanes Ht
(1 ≤ t ≤ ). By Lemma 1, each Ht gives rise to a linear system FHt of hyper-
plane sections of X all passing through h + 1 general points p(0); : : : ; p(h) in such a
way that for every p( j) a divisor of the linear system passes doubly through p( j) in
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correspondence with prescribed general coeLcients. Now, if we let V ⊆ H 0(X;OX (1))
be the (r+1)-dimensional linear space such that X ⊂ PV and we de9ne
Gi := {Pk ’s in PV (−p0; : : : ;−ph) intersecting
PV (−p0; : : : ;−pi−1;−2pi;−pi+1; : : : ;−ph)}
for i = 0; : : : ; h, we may introduce the incidence variety
I = {(H; q0; : : : ; qh) : H ∈
⋂
i=0;:::;h
Gi;
qi ∈H ∩ PV (−p0; : : : ;−pi−1;−2pi;−pi+1; : : : ;−ph)}
with projections
The above condition says exactly that the generic 9ber of  has dimension ≥ − 1.
Notice that  is surjective by de9nition and we have
dim V (−p0; : : : ;−pi−1;−2pi;−pi+1; : : : ;−ph) = (r + 1)− (h+ 1)− n
since V is birationally very ample, so its diOerential has maximal rank n at a general
point. The numerical hypothesis k ≥ n then implies⋂
i=0;:::;h
Gi =G(Pk ;PV (−p0; : : : ;−ph):
Moreover, since dimH ∩PV (−p0; : : : ;−pi−1;−2pi;−pi+1; : : : ;−ph)=k−n for a gen-
eral H ∈G(Pk ;PV (−p0; : : : ;−ph)), the general 9ber of  has dimension (k−n)(h+1).
Summing up, we obtain
dimG(Pk ;PV (−p0; : : : ;−ph)) + (k − n)(h+ 1)− k(h+ 1) + #Aut(Pk) ≥ −1;
so in particular
(k+1) [(r+1)− (h+1)− (k+1)] +(k−n)(h+1)−k(h+1)+(k+1)2−1 ≥ 0
and
h+ 1 ≤ k + 1
n+ k + 1
(r + 1)− 1
n+ k + 1
¡
k + 1
n+ k + 1
(r + 1):
Such an inequality contradicts the assumption on expdim Seck;h(X ), so the proof is
over.
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